We compare the bipartite entanglement and EPR-steering properties of the two different schemes which produce third harmonic optical fields from an input field at the fundamental frequency. The first scheme uses second harmonic cascaded with sum-frequency generation while the second uses triply degenerate four-wave mixing, also known as direct third harmonic generation. We examine and compare the two schemes in both the travelling wave and intra-cavity configurations. We find that both schemes produce continuous-variable bipartite entanglement and EPR-steering. The direct scheme produces a greater degree of EPR-steering while the cascaded scheme allows for greater flexibility in having three available bipartitions.
I. INTRODUCTION
The theoretical study of interactions of the electromagnetic field in nonlinear media goes back at least as far as 1962 [1], when Armstrong et al. published a classical treatment of the processes of second-and third-harmonic generation, degenerate and nondegenerate downconversion, and four-wave mixing. Third-harmonic generation (THG), wherein input fields at frequency ω produce output fields at frequency 3ω is a process that has been observed experimentally in a number of different situations. An early experiment [2] produced both third and fifth harmonic light at the interface of glass and liquids and it was suggested that odd-multipole generation may be a widespread phenomenon. THG has been observed in a number of other situations, for example, in optical second harmonic generation cascaded with sum frequency generation (SFG) [3] , in the interaction of laser light with a nematic liquidcrystal cell [4] , and in the interaction of pulsed light from an Nd:YAG (yttrium aluminum garnet) laser with organic vapors [5] and with polyimide films [6] .
There are at least two methods of producing optical fields where one is the third harmonic of another. The first is the method of direct third harmonic generation from a fundamental field, which is characterised as a triply degenerate four-wave mixing process. This method has been theoretically analysed by Gevorkyan et al. in the intracavity configuration [7] , and by Olsen et al. in the travelling-wave configuration [8] . The latter included a generalised Fokker-Planck equation with third-order partial derivatives for the positive-P function [9] , which was then mapped onto stochastic differential equations(SDE) in an extended positive-P representation [10] . The resulting SDEs were not very satisfactory, being prone to worse stability problems than those of the standard positive-P representation equations. The second method is to use cascaded second harmonic and sum frequency generation. Using this method, third harmonic generation was shown to be possible inside a quasi-periodic optical lattice by Zhu et al. in 1997 [3] .
The cascaded method has the advantage that it is amenable to a theoretical treatment using the positive-P method, as there are no terms in the Hamiltonian of higher than third order in creation and annihilation operators. The scheme has been analysed theoretically using this powerful method in both the travelling wave [11, 12] and intracavity [13] configurations. These works have analysed the scheme in terms of both its mean-field and entanglement properties. The latter have been analysed using the method of symplectic eigenvalues [14] , which is used to demonstrate that entanglement exists among the possible bipartitions of a multi-mode system.
In this work we will extend previous research to investigate both configurations in terms of their entanglement properties, in both travelling wave and intracavity configurations.
Rather than the symplectic eigenvalues, we will investigate the performance of these systems relative to the Duan-Simon [15, 16] criteria for inseparability/entanglement and the Reid criteria [17] for EPR-steering [18, 19] . These two criteria allow us to analyse in detail the entanglement present in each of the bipartitions of the cascaded system, and in the one possible bipartition for direct generation. We will use the positive-P representation for our numerical calculations. For the cascaded system it is an exact method, whereas for the direct generation scheme we will use a truncated positive-P approximation (TPPA) wherein the Fokker-Planck equation is truncated at the second-order derivatives before mapping onto stochastic differential equations.
II. HAMILTONIANS AND EQUATIONS OF MOTION

A. Direct third harmonic generation
In direct third harmonic generation, an optical field at frequency ω a acts to produce a field at ω b , where ω b = 3ω a . For the method, the interaction Hamiltonian is written as
whereâ andb are the bosonic annihilation operators representing optical modes at frequencies ω a and ω b respectively. The constant κ is related to the nonlinear polarisation of the medium. In the travelling wave configuration, the optical pumping of the nonlinear medium is related to the value of the fundamental mode at t = 0, usually represented as the expectation value in a coherent state, although other pumping modes are possible, such as squeezed states of the field [20, 21] , which does impact on the resulting quantum properties.
We will use coherent state pumping here. When the nonlinear medium is held inside an optical cavity, the pumping is represented as
where the ǫ d represent the coherent field incident on the cavity end mirror. The cavity damping is represented by the Liouvillian superoperator acting on the system density matrix,
where γ a and γ b are the cavity loss rates at the two frequencies.
Following the standard methods [22, 23] , we can map the problem onto a Fokker-Planck equation for the Glauber-Sudarshan P-representation [24, 25] . A problem immediately becomes apparent in that this equation possesses partial derivatives of third-order, which means it cannot be mapped onto stochastic differential equations. For the purposes of this work, we will neglect these high-order derivatives in a manner analogous to that which leads to the often used truncated Wigner approximation [26] . This leads to another problem in that the diffusion matrix of the resulting Fokker-Planck equation is not positive-definite, which we solve by appealing to the positive-P representation [9] for the approximated system.
We will call the resulting representation the truncated postive-P approximation (TPPA).
In the case of direct THG in the travelling wave configuration [8] , this approximation was extremely accurate for the mean fields but tended to overstimate quantum correlations such as quadrature squeezing. However, the inaccuracy was merely quantitative, so that, given the unfavourable complications of the exact representation, we feel justified in using the approximate method here. The resulting Itô [27] equations for the intracavity scheme are
where the η j are real Gaussian random variables with the properties η j (t) = 0 and
The complex variables α and β correspond to the operatorsâ andb in the sense that averages will converge approximately to expectation values of normally ordered operator moments such that α n α + m → â † mân . In general, α and α + (same for β and β + ) are not complex conjugates because of the independent noise terms, with this freedom allowing us to represent quantum evolution using classical c-number variables. For systems which are represented accurately by positive-P stochastic differential equations, the equivalence between the complex variables and the operators is exact where the stochastic integration is stable. In the present case, using the TPPA, it is approximate, but has been shown to be accurate for intensities and qualitatively accurate in predicting squeezing [8] .
B. Cascaded third harmonic generation
This process involves two parametric processes generated by a quasi-phase matched optical superlattice [11] [12] [13] . In the first, the fundamental mode at frequency ω 0 acts via the nonlinearity represented by κ 1 to produce a harmonic mode at ω 1 , where ω 1 = 2ω 0 . These two modes then interact via the κ 2 nonlinearity such that one photon from each combine to form a photon at ω 2 , with this being the third harmonic of ω 0 . This process thus cascades second harmonic generation with sum frequency generation [28] to indirectly produce polychromatic outputs, one of which is the third harmonic of another, from a single pump mode.
Previous systems involving cascaded nonlinearities include non-degenerate downconversion
as the first step [29, 31] , and multiple different modes interacting via twin nonlinearities [32] [33] [34] . Such systems have been shown to produce both bipartite and tripartite entanglement and EPR-steering [35, 36] .
The interaction Hamiltonian for the cascaded process can be written as
while the cavity pumping Hamiltonian and the damping Liouvillian have the same basic forms as in the previous section. This system possesses a complete mapping onto the positive-P representation, resulting in the stochastic differential equations,
where the (α j , α + j ) are the c-number variables corresponding to the operators (â j ,â † j ) in the same sense as in Eq. 4. Also, ǫ is the coherent pump amplitude, γ j is the cavity loss rate for mode j, and the η j are Gaussian random variables with the correlations η j (t) = 0 and
. Note that our noise terms are not exactly the same as those in
Yu et al. [11] [12] [13] and that this is due to the freedom available in the factorisation of the diffusion matrix of the Fokker-Planck equation for the positive-P function of the system.
We have chosen to use real noises, which is a matter of taste since exactly the same physical system can be represented by either. As with the direct THG system, the travelling wave equations are found by removing the pumping and damping terms from Eq. 6. The solution of these equations for the field intensities is shown in Fig. 1 , for κ 1 = 10 −2 , κ 2 = 1.5κ 1 , and N 0 (0) = 10 4 . We note here that these solutions are not consistent with those given by Yu et al. [12] , which reach a steady-state at ξ ≈ 6, after which the modes at ω 0 and ω 2 are totally depleted, leaving only the second harmonic. As we know that the term κ 1â1â † 2 0 in the Hamiltonian will act to downconvert the second harmonic with no other modes present, and this is in fact what is responsible for the revivals of the fundamental seen in travelling-wave SHG [37] , we have confidence in our solutions. We note here that when we integrate the classical equations without any noise terms, we obtain the solutions given by Yu et al.
III. QUANTUM CORRELATIONS IN THE TRAVELLING-WAVE CONFIGURA-TIONS
In this section we will give the results of stochastic integration of the travelling wave equations in the time domain for various quantum correlations. Using the quadrature defi-
quadrature squeezing is found when the variance ofX j falls below one, for any θ. When θ = 0, this is usually known as the X, or amplitude, quadrature, and when θ = π/2, it is usually known as the Y, or phase, quadrature. In this work, all the correlations we present involve the X and Y quadratures, which would not be the case if our cavities were not resonant at all relevant frequencies [38] .
The quadrature variances for the the direct configuration have previously been shown in
Ref. [8] , so we will show only those of Fig. 2 , for the cascaded configuration. Some degree of squeezing is found in all the modes, although that in the first harmonic of the cascaded system is not pronounced. We found that it is possible to attain more squeezing of this mode by variation of the parameters κ 1 and κ 2 , but at the expense of squeezing in the others.
Bipartite inseparability and entanglement are well characterised for continuous variable systems by either the Duan-Simon inequalities [15, 16] or the Reid-EPR inequalities [17, 18] .
The Duan-Simon inequalities, a violation of which is sufficient to prove bipartite entanglement for Gaussian systems, can be written as
We label these correlations DS + and DS − , depending on whether the X quadratures are added or subtracted. The presence of the Einstein-Podolsky-Rosen (EPR) paradox [18] in bipartitions is signified by the well-known criteria developed by Reid [17] in terms of inferred generation, for the same parameters as in Fig. 1 . We see that the fundamental exhibits greater squeezing than the harmonic, and that both become anti-squeezed after some propagation length.
quadrature variances. The appropriate inequality is written as
with violation of this signifying that the system demonstrates the EPR paradox. The inferred variances are defined as
with the value ofX i being inferred from measurements ofX j (and similarly forŶ i ). We immediately see that there is an implied asymmetry since we can equally define V inf (X j ).
In some circumstances i can be inferred from j, but not vice-versa, leading to a situation known as asymmetric steering [19] . This was first predicted for Gaussian states in sum frequency generation [28] and later, also using Gaussian continuous-variable measurements, in the Kerr coupler [39] and in intracavity second harmonic generation [40] . It has also been demonstrated experimentally [41] , again with Gaussian measurements. In what follows we will label the product The results for the bipartite correlations in the direct configuration are shown in Fig. 3 .
We see that there is bipartite entanglement between the modes at ω a and ω b , and that the EPR inequalities are violated to a much greater extent than the DS − . This is possible here because the system, being driven by a χ (3) nonlinearity, produces outputs with nonGaussian statistics, and a similar effect has been seen in atomic systems driven by s-wave collisions [42] . We find that the EPR-steering becomes asymmetric at ζ ≈ 0.07, which is around the time where upconversion plateaus and the fundamental begins to revive. After this time, measurements of the high frequency mode cannot be used to steer the fundamental, although the fundamental can still be used to steer the high frequency mode. We note here that these results are only qualitatively accurate, with there being two reasons for this. One is that we have used the TPPA, which is known to slightly overestimate squeezing in this system, and the other is that our analysis only includes unitary Hamiltonian dynamics, not including such effects as dispersion in the nonlinear medium. There are no possible tripartite entanglement correlations for this system, since there are only two distinguishable modes present. In the cascaded configuration we have three possible bipartitions of the system and the symplectic eigenvalue analysis given by Yu et al. shows that at least some of these will exhibit entanglement, without specifying which pairs [12] . As shown in Fig. 4 , entanglement is found in all three bipartitions over some finite interaction times, using the Duan-Simon inequalities. In this case, the inequalities are violated to a greater extent between adjacent modes than they are between the fundamental and the third harmonic. This indicates that the direct method may be more efficient for the production of entangled states spanning the whole of the frequency range. We also looked for tripartite entanglement in this system, using the van Loock-Furusawa inequalities [30] . Over an extensive parameter range using different input amplitudes and ratios of κ 1 /κ 2 , we found no evidence of tripartite entanglement. The cascaded down conversion and sum frequency generation system investigated by Pennarun et al. does possess tripartite entanglement [31] and we note here that absence of evidence is not the same as evidence of absence. In this context, we also note that an earlier analysis of sum frequency generation had found no evidence of tripartite entanglement over a broad parameter range [28] , whereas a more recent analysis has found that it is actually present for other parameters [43] . Therefore we can not rule out its presence in this cascaded system, although the three-colour entanglement mentioned in previous analyses should not be interpretated as tripartite entanglement, but rather as entanglement being present in bipartitions of modes at three different frequencies. show asymmetric steering for all interaction times at which EPR-steering is found for this bipartition. In the next section we will examine how the various configurations are changed when the interacting media are contained inside resonant optical cavities.
IV. STEADY-STATE CORRELATIONS FOR INTRACAVITY CONFIGURA-TIONS
When nonlinear optical media are held inside a pumped optical cavity, the accessible observables are usually the output spectral correlations, which are measurable using homodyne techniques [44] . These are readily calculated in the steady-state by treating the system as an Ornstein-Uhlenbeck process [27] . In order to do this, we begin by expanding the positive-P variables into their steady-state expectation values plus delta-correlated Gaussian fluctuation terms, e.g.
Given that we can calculate the â ss , we may then write the equations of motion for the fluctuation terms. The resulting equations are written for the vector of fluctuation terms as
where A is the drift matrix containing the steady-state solution, B is found from the factorisation of the drift matrix of the original Fokker-Planck equation, D = BB T , with the steady-state values substituted in, and d W is a vector of Wiener increments. As long as the matrix A has no eigenvalues with negative real parts, this method may be used to calculate the intracavity spectra via
from which the output spectra are calculated using the standard input-output relations [44] .
A. Intracavity direct conversion
The drift matrix for the fluctuations of this system is written as
where we have used the notation â ss , ( b ss ) = α, (β). 
ǫ c is therefore the highest pumping value for which we may use the linearised fluctuation analysis [7] . In this expression, r = γ b /γ a and k = κ 2 /9γ a γ b . For the parameters we use here,
Above this value, the system exhibits self-pulsing behaviour as in second harmonic generation [45] . This behaviour is shown in Fig. 6 , with results from both the classical equations and the TPPA equations is a source of bright entangled modes with a large frequency difference. In the intracavity configuration, we find that the EPR-steering is totally symmetric.
B. Intracavity cascaded conversion
In order to calculate the spectra for this case, we proceed as in the linearised fluctuation analysis above. The equations for the mean fields are found by removing the noise terms from Eq. 6, leaving three coupled nonlinear differential equations. Analytic solutions are possible, but are not particularly illuminating [11] . In what follows, we have calculated the steady-state solutions numerically. We find the drift matrix for the fluctuations as
and the diffusion matrix In Fig. 8 we show the minimum values of the Duan-Simon criteria at any frequency, as the pumping is increased from 10γ 0 to 200γ 0 . The eigenvalues of the drift matrix A c had fully positive real parts over the parameter range shown, although they can develop negative real parts for other parameters [13] , in particular when κ 2 ≫ κ 1 . We have chosen our parameters to obtain comparable intensities in each field, which is not the case for that ratio of κ 2 /κ 1 .
What is visible from the figure is that the Duan-Simon criteria find bipartite entanglement over the whole of this range of pumping for the bipartitions 01 and 12, but not for 02. This is consistent with the results of Fig. 9 for the Reid-EPR correlation, where no violation of the inequality was found for the bipartition 02. We also see that there is a small degree of asymmetric steering [19] over some pumping range for the bipartition 12, although this is possibly not experimentally significant once added sources of experimental noise have been taken into account.
This system therefore allows for bipartite entanglement among three fields at different frequencies, although only entanglement and not EPR-steering were found between the fundamental and the third harmonic. We found no evidence of tripartite entanglement or inseparability as indicated by the van Loock-Furusawa inequalities [30] . The presence two different entangled bipartitions, with only one where EPR-steering is present can allow for some flexibility in quantum key distribution, as previously analysed for a system combining down-conversion with sum frequency generation [36] .
V. CONCLUSION
We have analysed two different quantum optical systems which can produce output light at three times the input pumping frequency, in terms of both their mean-field behaviour and entanglement properties. We have analysed both idealised travelling wave models and more realistic intracavity configurations. The direct system of third harmonic generation was analysed using a truncated positive-P approximation, whose accuracy has previously been shown in the travelling wave approximation. This was necessary because the full generalised equations present severe stability problems, and is expected to be more accurate for the intracavity configuration. The cascaded system, combining second harmonic generation with sum frequency generation, can be analysed exactly using the positive-P representation.
We have found that some previously presented results for the intensities of the fields in certain parameter regimes were not accurate, and explained this by comparison of semiclassical and quantum solutions. In particular, the self-pulsing previously predicted for direct third harmonic generation does not exhibit oscillations as large as previously calculated, and the steady-state of the intensities predicted for the cascaded process did not survive a quantum analysis. This is reminiscent of previous cases where classical and quantum meanfield predictions have been found to be completely different, for example with the revival of oscillations in the anharmonic oscillator and revivals of the fundamental in single-pass second harmonic generation.
Both systems have been shown to produce output modes which exhibit bipartite entanglement and EPR-steering. Direct conversion shows a larger degree of violation of the EPRsteering inequalities while both configurations demonstrate asymmetric steering in some parameter regimes. The cascaded system provides three outputs at different frequencies, which could provide for flexibility in any practical applications.
